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Abstract. Block type Lie algebras have been studied by many authors in the latest twenty years. In
this paper, we will study a class of more general Block type Lie algebra B(p, q), which is a class of
infinite-dimensional Lie algebra by using the generalized Balinskii-Novikov’s construction method to
Witt type Novikov algebra. Rather, Block type Lie algebra B(p, q) with basis {Lα,i, c|α, i ∈ Z, i ≥ 0}
over C and relations:
[Lα,i, Lβ,j] = ((i + q)(β + p)− (j + q)(α+ p))Lα+β,i+j + δα+β,0δi,0δj,0
α3 − α
12
c, [c,Lα,i] = 0,
where the parameter p, q are some complex numbers. We study the representation theory for B(p, q).
We classify quasifinite irreducible highest weight B(p, q)-module. We also prove that any quasifinite
irreducible module of Block type Lie algebras B(p, q) is either a highest or lowest weight module, or else
a uniformly bounded module. This paper can be considered as a generalization of the related literatures.
Keywords: Novikov algebra, Block type Lie algebra; highest weight module; uniformly bounded module;
quasi-finite module
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1. Introduction
Since a class of infinite dimensional simple Lie algebras were introduced by Block [3], generalizations
of Lie algebras of this type (usually referred to as Block type Lie algebras) have been studied by many
authors in the latest twenty years(see [6, 7, 9, 10, 16, 18, 19, 28]). So far, the representation theory for
Block type Lie algebras is far from being well developed, except for quasifinite representations of some
particular Block type Lie algebras. This article first get a class of more extensive Block type Lie algebra
by Witt type Novikov algebra (see Section 2) as following
B(p, q) = SpanC{Lα,i, c|α, i ∈ Z, i ≥ 0},
satisfying
[
Lα,i, Lβ,j
]
= ((i+ q)(β + p)− (j + q)(α + p))Lα+β,i+j + δα+β,0δi,0δj,0
α3 − α
12
c,
[
c, Lα,i
]
= 0, ∀α, β, i, j ∈ Z.
The quasifinite representations of B(p, q) for some special cases are studied by many scholars. For
example, the authors [26] studied the quasifinite representations for B(0, 1), the authors [19, 7] studied
the quasifinite representations of B(0, q) with q 6= 0. Inspired by this, we will study the more general
situation for B(p, q). Note that the case p = 0 is considered by the above mentioned papers, we study
only the case p 6= 0.
∗Corresponding author: X. Tang. Email: x.m.tang@163.com
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2Throughout the paper, we use C,C∗,Q,Q∗,Z to denote respectively the sets of complex mumbers,
nonzero complex numbers, rational number, nonzero rational number, integers, and p, q is always assumed
to be fixed numbers in C∗.
In this paper, we firstly study the Novikov algebra and Block type Lie algebras in section 2 , we get
a class of more extensive Block type Lie algebra by Witt type Novikov algebra. Then, in Section 3 we
discuss a class of Block type Lie algebras and give two examples of their quasifinite modules, we also
give the classification of the quasifinite highest weight modules. Finally, in Section 4 the classification of
qusifinite module for a class of Block type Lie algebras is studied. We first start our main content from
the following section.
2. Novikov algebra and Block type Lie algebras
Novikov algebras were introduced in connection with Poisson brackets of hydrodynamic type [8] and
Hamiltonian operators in the formal variational calculus [2]. The Novikov algebras are a class of Lie-
admissible algebras whose commutators are Lie algebras. Thus it is useful to relate the study of Novikov
algebras to the theory of Lie algebras. Recall that
Definition 2.1. A Novikov algebra A is a vector space over C with a bilinear product (a, b)→ ab satisfying
(for any a, b, c ∈ A)
(ab)c− a(bc) = (ba)c− b(ac), (1)
(ab)c = (ac)b. (2)
If we define an algebra A only using the condition (1), then it is called the Left-symmetric algebra. It is
a class of Lie-admissible algebras whose commutators [x, y] = xy−yx defines a Lie algebra g = g(A), which
is called the sub-adjacent Lie algebra of A, and conversely A is called compatible on g(A). Left-symmetric
algebra can be traced back to the study of rooted tree algebras ([5]), geometry and deformation theory.
They appear in many fields in mathematics and physics under different names like pre-Lie algebras,
Vinberg algebras and quasi-associative algebras.
Clearly, Novikov algebra is a calss of special Left-symmetric algebra. Balinskii-Novikov [2] give a
way to get a class of infinite-dimensional Lie algebra by Novikov algebra, which is called Balinskii-
Novikov’s construction. It has caught the interest of many scholars [13, 14, 15]. Recently, Balinskii-
Novikov’s construction has been extended to many algebraic structures similar to Lie algebra, such as Lie
superalgebras [24, 25], Lie conformal algebras [27] and Vertex algebras [1], and so on. In particular, any
Novikov algebra corresponds to an infinite-dimensional “Virasoro-type” Lie algebra by certain affinization
given by Baliskii and Novikov in [2]. We slightly generality their conclusions, or rather one has
3Theorem 2.2. Let A be a vector space over C with a bilinear product (a, b)→ ab, and let
L(A) = A⊗ C[t, t−1]. (3)
For a fixed complex number q, define a bilinear product [, ] : L(A)× L(A)→ L(A) given by
[a[m], b[n]] = (m+ q)(ab)[m+ n]− (n+ q)(ba)[m+ n] (4)
where a[m] := a⊗ tm+1, for any a, b ∈ A and m,n ∈ Z. Then L(A) is a Lie algebra if and only if A is a
Novikov algebra.
Proof. For any a, b, c ∈ A and m,n, k ∈ Z, we let
Θ1 = (n+ q)(m+ q)a(bc)− (n+ q)(n+ k + q)(bc)a+ (k + q)(n+ k + q)(cb)a− (k + q)(m+ q)a(cb),
Θ2 = (m+ q)(k + q)c(ab)− (m+ q)(m+ n+ q)(ab)c+ (n+ q)(m+ n+ q)(ba)c− (n+ q)(k + q)c(ba),
Θ3 = (k + q)(n+ q)b(ca)− (k + q)(m+ k + q)(ca)b+ (m+ q)(m+ k + q)(ac)b − (m+ q)(n+ q)b(ac).
It follows by a simple computation that
[
a[m],
[
b[n], c[k]
]]
= Θ1[k +m+ n],
[
c[k],
[
a[m], b[n]
]]
= Θ2[k +m+ n],
[
b[n],
[
c[k], a[m]
]]
= Θ3[k +m+ n].
Further, we see that
Θ1 +Θ2 +Θ3
= (n+ q)(m+ q)(a(bc)− b(ac)) + (m+ q)(k + q)(c(ab)− a(cb)) + (n+ q)(k + q)(b(ca)− c(ba))
+(n+ q)(m+ n+ q)(ba)c− (n+ q)(n+ k + q)(bc)a
+(k + q)(n+ k + q)(cb)a− (k + q)(m+ k + q)(ca)b (5)
+(m+ q)(m+ k + q)(ac)b − (m+ q)(m+ n+ q)(ab)c.
If A is a Lie algebra, the Jacobin equation tells us that
[
a[m],
[
b[n], c[k]
]]
+
[
c[k],
[
a[m], b[n]
]]
+
[
b[n],
[
c[k], a[m]
]]
= (
3∑
i=1
Θi)[k +m+ n] = 0, (6)
and so that Θ1 +Θ2 +Θ3 = 0. Review the equation (5) as a formal polynomial in m,n, k. By observing
the coefficients of terms m2 and mn we have (ab)c = (ac)b and (ab)c − a(bc) = (ba)c − b(ac) for all
a, b, c ∈ A. This implies equations (1) and (2) hold, i.e., A is a Novikov algebra.
4Conversely, if A is a Novikov algebra, it is enough to verify that the Jacobin equation hold. Note that
(ab)c− a(bc) = (ba)c− b(ac) and (ab)c = (ac)b for all a, b, c ∈ A, we have by (5) that
Θ1 +Θ2 +Θ3
= (n+ q)(m+ q)((ab)c− (ba)c)) + (m+ q)(k + q)((ca)b − (ac)b) + (n+ q)(k + q)((bc)a− (cb)a)
+(n+ q)(m− k)(ba)c+ (k + q)(n−m)(cb)a+ (m+ q)(k − n)(ac)b
= ((n+ q)(m+ q)− (m+ q)(k + q) + (m+ q)(k − n))(ab)c
+((n+ q)(m− k)− (m+ q)(n+ q) + (n+ q)(k + q))(ba)c
+((m+ q)(k + q)− (n+ q)(k + q) + (k + q)(n−m))(ca)b
= 0.
This tells us that (6) holds. The proof is completed. 
Remark 2.3. When q = 1, the above way is called Balinskii-Novikov’s construction. The authors
[13, 14, 15] study some infinite-dimensional Lie algebras realized by Balinskii-Novikov’s construction of
some finite-dimensional Novikov algebras.
Note that the authors [13, 14, 15] study some infinite-dimensional Lie algebras realized by Balinskii-
Novikov’s construction of some finite-dimensional Novikov algebras but not by infinite-dimensional Novikov
algebras. Inspired by this, we consider this type of problem for some infinite-dimensional Novikov alge-
bras, which is related to Witt algebra (is called Witt type Novikov algebra ).
Recall that the Witt algebraW (of rank one) which is a infinite-dimensional complex Lie algebra with
a basis {xα|α ∈ Z} satisfying
[xα, xβ ] = (β − α)xα+β , ∀α, β ∈ Z. (7)
The complex Witt algebra was first defined by Cartan (1909), and its analogues over finite fields were
studied by Witt in the 1930s. The Virasoro algebra is a central extension of the Witt algebra, which have
many applications in mathematics and physics. Recall [22, 11] given the compatible Novikov algebra on
Witt algebra as following.
xαxβ = (β + p)xα+β + µxα+β+θ, ∀α, β ∈ Z, (8)
where p ∈ C and θ ∈ Z are fixed number. Now let us by using Theorem 2.2 to above compatible Novikov
algebra on Witt algebra and thus get a Lie algebra as follows.
Proposition 2.4. For any α, µ ∈ C and θ ∈ Z, there is an infinite-dimensional Lie algebra induced from
the Novikov algebra on Witt algebra defined by (8), which is isomorphic to the Lie algebra B(p, q, µ, θ)
5with a C-basis {Lα,i|α, i ∈ Z} satisfying
[Lα,i, Lβ,j] = ((i+ q)(β + p)− (j + q)(α + p))Lα+β,i+j + (i− j)µLα+β+θ,i+j, ∀α, β, i, j ∈ Z. (9)
Proof. The conclusion follows from Theorem 2.2 by setting Lα,i = xα ⊗ t
i+1 for any m, i ∈ Z. 
Since a class of infinite dimensional simple Lie algebras were introduced by Block [3], generalizations
of Lie algebras of this type (usually referred to as Block type Lie algebras) have been studied by many
authors in the latest twenty years (see [6, 7, 9, 10, 16, 18, 19]). We will see that the Block type Lie
algebras have a close relationship to the Lie algebra B(p, q, µ, θ) of Proposition 2.4.
Example 2.5. Consider the Lie algebra B(p, q, µ, θ) given by Proposition 2.4 when p = 1, q = s −
1, µ = −s, θ = 1 for some s, and denote Rα,i = Lα−1,i, we get the Lie algebra B(1, s − 1,−s, 1) =
SpanC{Rα,i|α, i ∈ Z}, satisfying
[Rα,i, Rβ,j] = s(j − i)Rα+β,i+j + ((i + s− 1)β − (j + s− 1)α)Rα+β−1,i+j (10)
which is the Block Lie algebra B(s,Z) studied by [17, 30].
Example 2.6. Consider the Lie algebra B(p, q, µ, θ) given by Proposition 2.4 when µ = θ = 0, that is
B(p, q, 0, 0) = SpanC{Lα,i|α, i ∈ Z},
satisfying
[Lα,i, Lβ,j] = ((i+ q)(β + p)− (j + q)(α + p))Lα+β,i+j, ∀α, β, i, j ∈ Z. (11)
Note that some subalgebras of B(p, q, 0, 0) or their central extension are called the Block type Lie
algebra. Many authors study theory on constructions and representations of some Block type Lie algebra,
We list some literatures ( but not comprehensive ) as [6, 7, 16, 17, 18, 19, 26, 23].
3. a class of Block type Lie algebra and some its modules
In this section, a class of Block type Lie algebra B(p, q), which is a subalgebras of B(p, q, 0, 0) of
Example 2.6 with the universal central extension, will come on the stage. That is, the Block type Lie
algebra
B(p, q) = SpanC{Lα,i, c|α, i ∈ Z, i ≥ 0},
satisfying
[
Lα,i, Lβ,j
]
= ((i+ q)(β + p)− (j + q)(α + p))Lα+β,i+j + δα+β,0δi,0δj,0
α3 − α
12
c,
[
c, Lα,i
]
= 0, ∀α, β, i, j ∈ Z. (12)
About the Block type Lie algebra B(p, q), we would like point out some facts as follows.
6• We can realize the Lie algebra B(p, q) in the space C[x, x−1]⊗ tqC[t]⊕ Cc, with the bracket
[xαf(t), xβg(t)]
= xα+βt1−q((β + p)f ′(t)g(t)− (α+ p)f(t)g′(t)) + δα+β,0
α3 − α
12
Rest(t
−2q−1f(t)g(t))c
where α, β ∈ Z, f(t), g(t) ∈ tqC[t], and the prime stands for the derivative d
dt
. The corresponding
relationship is Lα,i = x
αtq+i.
• The Lie algebra B(p, q) has a natural Z−gradation B(p, q) = ⊕α∈ZB(p, q)α with
B(p, q)α = Span{Lα,i|i ∈ Z, i ≥ 0} ⊕ δα,0Cc.
• For q 6= 0, B(p, q) contains the subalgebra V ir isomorphic to the well-known Virasoro algebra,
where
V ir = Span{Lα, k|α ∈ Z}, Lα
.
= q−1Lα,0, k
.
= q−2c (13)
[Lα, Lβ] = (β − α)Lα+β +
α3 − α
12
δα+β,0k, [k, Lα] = 0 (14)
• For p, p′, q, q′ ∈ Q∗+, if (p, q) 6= (p
′, q′), then B(p, q) 6∼= B(p′, q′). The authors [29] show that
B(0, q) 6∼= B(0, q′) while q 6= q′. Note that the status of p and q in B(p, q) are equal, it is easy to
obtain the same assertion in the similar way.
• The quasifinite representations of B(p, q) for some special cases are studied by many scholars. For
example, the authors [26] studied the quasifinite representations for B(0, 1), the authors [19, 7]
studied the quasifinite representations of B(0, q).
Inspired by this, we will study the more general situation for B(p, q) in the rest of this paper. Now
Let us recall some important definition about the representation (or module) as follows:
Definition 3.1. A module V over B(p, q) is called
• Z−graded if V = ⊕α∈ZVα and B(p, q)αVβ ⊂ Vα+β for all α, β;
• quasifinite if it is Z−graded and dim Vβ <∞ for all β;
• uniformly bounded if it is Z−graded and there is N ≥ 0 with dimVβ ≤ N for all β;
• a module of the intermediate series if it is Z−graded and dimVβ ≤ 1 for all β;
• a highest(resp.lowest) weight module if there exists some ∧ ∈ B(p, q)∗0 such that V = V (∧),
where V (∧) is a module generated by a highest (resp.lowest) weight vector v∧ ∈ V (∧)0, v∧ sat-
isfies h.v∧ = ∧(h)v∧, h ∈ B(p, q)0, B(p, q)+v∧ = 0 (resp. B(p, q)−v∧ = 0), where B(p, q)± =
⊕±α>0B(p, q)α.
7Using the gradation, we introduce the following notations:
B(p, q)[β,γ] =
∑
β≤α≤γ
B(p, q)α β, γ ∈ Z.
similarly for B(p, q)[β,+∞],B(p, q)[β,γ) and so on. We have the following triangular decomposition:
B(p, q) = B(p, q)− ⊕B(p, q)0 ⊕B(p, q)+ (15)
When we study representations of a Lie algebra of this kind , we encounter the difficulty that though
it is Z− graded, the graded subspaces are still infinite dimensional, thus the study of quasifinite modules
is a nontrivial probiem. We give two examples of quasifinite modules as follows.
3.1. The modules of the intermediate series. Note that B(p, q) contains a subalgebra isomorphic
to Virasoro algebra. Similar to the case of Virasoro algebra, we now give the irreducible B(p, q)-modules
of the intermediate series, i.e., Aa,b, Aa, Ba, a, b ∈ C, with the same basics {vµ|µ ∈ Z} of Aa,b, Aa and Ba
and B(p, q) acts on their respectively as follows.
• Aa,b : Lα,0vµ = q(a+ µ+ bα)vα+µ, Lα,ivµ = 0 (i > 0),
• Aα : Lα,0vµ = q(µ+ α)vα+µ(µ 6= 0), Lα,0v0 = qα(a+ α)vα, Lα,ivµ = 0 (i > 0),
• Ba : Lα,0vµ = qµvα+µ(µ 6= −α), Lα,0v−α = −qα(a+ α)v0, Lα,ivµ = 0 (i > 0).
It is obvious that the modules of the intermediate series are a class of module of uniformly bounded.
3.2. Quasifinite highest weight modules. Now we want to study the quasifinite highest weight mod-
ules of B(p, q), the lowest weight modules are similar. To sate our main result in this part, we need to
introduce the generating series and Verma module.
• For any function Λ ∈ B(p, q)∗0, we set labels Λi = Λ(L0,i) for i ≥ 0, and define ∆Λ(z, p, q) as a
following generating series with variable z,
∆Λ(z, p, q) = 2q
∞∑
i=0
zi
i!
Λi +
∞∑
i=0
(1− p2)
zi+1
i!
Λi+1 = Λ((2q + (1− p
2)zt)tqezt). (16)
Recall that a quasipolynomial is a linear combination of functions of the form f(z)ebz , where
f(z) ∈ C[z],b ∈ C.
• A V erma module over B(p, q) is defined as the induced module
M(Λ) = U(B(p, q))⊗U(B(p,q)0⊕B(p,q)+)CvΛ,Λ ∈ B(p, q)
∗
0,
where CvΛ is the one dimensional B(p, q)0⊕B(p, q)+-module and satisfies (h+n)(vΛ) = Λ(h)vΛ,
here h ∈ B(p, q)0, n ∈ B(p, q)+ and U(B(p, q)) stands for the universal enveloping algebra of
B(p, q). Then any highest weight module V (Λ) is a quotient module of M(Λ) and the irreducible
highest weight module L(Λ) is the quotient ofM(Λ) by the maximal proper Z-graded submodule.
8Our main result in this part is following.
Theorem 3.2. Let L(Λ) be an irreducible highest weight module over B(p, q) with highest wight Λ ∈
B(p, q)∗0. Then L(Λ) is quasifinite if and only if ∆Λ(z, p, q) is a quasi-polynomial.
In order to prove the result, we give some definitions and preliminary results.
Definition 3.3. Let L = ⊕α∈ZLα be a Z-graded Lie algebra.
(a) A subalgebra P of L is called parabolic if it contains L0 + L+ as a proper subalgebra,namely,
P = ⊕α∈ZPα with Pα = Lα, α ≥ 0, for some α < 0 such that Pα 6= 0.
(b) Given 0 6= a ∈ L−1, we define a parabolic subalgebra P(a) = ⊕α∈ZP(a)α of L as follows:
P(a)α =


Lα if α ≥ 0,
Span{[· · · , [L0, [L0, a]] · · · ]} if α = −1,[
P(a)−1,P(a)α+1
]
if α ≤ −2.
(c) A parabolic subalgebra P is called nondegenerate if Pα has finite codimension in Lα, for all α < 0,.
(d) A nonzero element a in L−1 is called nondegenerate if P(a) is nondegenerate.
Define a parabolic subalgebra B(p, q, a) = ⊕α∈ZB(p, q, a)α of B(p, q) as in Definition 3.3 (b), where
a ∈ B(p, q)−1. By [26, 18, 16], B(p, q, a) is the minimal parabolic subalgebra containing a and
B(p, q, a)0
.
= B(p, q)0 ∩ [B(p, q, a),B(p, q, a)] = [a,B(p, q)1].
It is clear that
[x−1f(t), xg(t)] = t1−q((f(t)g(t))′ + p(f ′(t)g(t)− f(t)g′(t)))
and
x−1f(t) ∈ B(p, q)−1, xg(t) ∈ B(p, q)1,
this implies
B(p, q, a)0 = Span{t
1−q((f(t)g(t))′ + p(f ′(t)g(t)− f(t)g′(t)))|g(t) ∈ tqC[t]}. (17)
Lemma 3.4. Let P(p, q) = ⊕α∈ZP(p, q)α be the parabolic subalgebra of B(p, q).
(a) There exists 0 6= a ∈ B(p, q)−1 such that P(p, q, a) ⊆ P(p, q);
(b) For any α < 0, the subspace P(p, q)α is nontrivial, and has finite codimension in B(p, q)α;
(c) P(p, q) is nondegenerate , and for any 0 6= a ∈ B(p, q)−1 is nondegenerate.
Proof. By definition, there exists at least one α < 0, such that P(p, q)α 6= 0. We claim that P(p, q)α+1 6=
{0} if α ≤ −2. Otherwise, [P(p, q)α,B(p, q)1] ⊆ P(p, q)α+1 = {0} and so that [P(p, q)α,B(p, q)1] = {0}.
Since α < 0, we can easily choose some positive integer j0 such that kα = p(i− j0)−α(q+ j0)+ q+ i 6= 0
9for all i ∈ Z+. Taking any 0 6= b =
∑
i∈Z biLα,i in P(p, q)α, where I is a finite subset of Z+ and bi ∈ C.
We have
0 = [b, L1,j0 ] = [
∑
i∈I
biLα,i, L1,j0 ] =
∑
i∈I
bi[Lα,i, L1,j0 ] =
∑
i∈I
bikαLα+1,1+j0 . (18)
Thus, we have bi = 0 for all i ∈ I. In the other word, b = 0, this contradicts b 6= 0. This proves the claim.
Therefore P(p, q)−1 6= {0} by induction. Taking any nonzero element a ∈ P(p, q)−1, note that P(p, q, a)
is the minimal parabolic subalgebra, so we have P(p, q, a) ⊆ P(p, q). The proof of (a) is completed. One
can prove parts (b) and (c) in a similar way as in [19], and the details are omitted. 
Suppose Λ ∈ B(p, q)∗0 satisfies Λ|B(p,q)0∩[P(p,q),P(p,q)] = 0, we have for all α < 0, the action of P(p, q)α
on vΛ is zero. Then we can define a highest weigh B(p, q)-module as follows:
M(P(p, q),Λ) = U(B(p, q))⊗ U(P(p, q))CvΛ.
Then M(P(p, q),Λ) is called the generalized V erma module of B(p, q).
Lemma 3.5. The following conditions on Λ ∈ B(p, q)∗0 are equivalent.
(a) L(Λ) is quasifinite;
(b) There exists an element 0 6= a ∈ B(p, q)−1, such that Λ(B(p, q, a)0) = 0;
(c) M(Λ) contains a singular vector a · vΛ ∈M(Λ)−1, where 0 6= a ∈ B(p, q)−1;
(d) There exists an element 0 6= a ∈ B(p, q)−1, such that L(Λ) is an irreducible quotient of the
generalized V erma-module M(P(p, q, a),Λ).
Proof. One can prove this lemma in a similar way as in Lemma 3.1 and theorem 2.5 of [9], and the details
are omitted. 
The proof of Theorem 3.2:
Proof. We use notation ezt =
∑∞
i=0
zi
i! t
i as generating series of C[t]. For all f(t) ∈ C[t], we have f(t)ezt =
f( ∂
∂z
)ezt. For all f(t) ∈ tqC[t], letting f˜(t)
.
= t−qf(t) ∈ C[t]. Thus f(t) = f˜( ∂
∂z
)(tqezt). Therefore, due
to Lemma 3.5(b),(c), when L(Λ) is quasifinite we can find 0 6= f(t) ∈ tqC[t] with g(t) ∈ tqC[t] such that
Λ(((f(t)g(t))′ + p · g2(t) · (
f(t)
g(t)
)′)t1−q) = 0, (19)
10
where the prime stands for the partial derivative ∂
∂t
. Taking g(t) = tqezt, we deduce
Λ(((f(t)g(t))′ + p · g2(t) · (
f(t)
g(t)
)′)t1−q)
= Λ((((f(t)tqezt)′ + p · (tqezt)2(
f(t)ezt
tqe2zt
)′)t1−q)
= Λ(f˜(
∂
∂z
)((2q + zt)tqezt − p2tqztezt)) (20)
= f˜(
d
dz
)Λ((2q + (1− p2)zt)tqezt) = f˜(
d
dz
)∆Λ(z, p, q).
So we have by (19) and (20) that f˜( d
dz
)∆Λ(z, p, q) = 0. A well known fact [6] stated that a formal power
series is a quasipolynomial if and only if it satisfies a nontrivial linear differential equation with constant
coefficient. It is easy to see that ∆Λ(z, p, q) is a quasipolynomial.
Conversely, if ∆Λ(z, p, q) is quasipolynomial, there exists 0 6= h(t) ∈ C[t], such that h(
d
dz
)∆Λ(z, p, q) =
0. Denote f(t) = tqh(t) ∈ tqC[t], then f˜( d
dz
)∆Λ(z, p, q) = 0. It is follows by (20) that
0 = Λ(((f(t)g(t))′ + p(f ′(t)g(t)− g′(t)f(t)))t1−q)
=
∞∑
i=0
zi
i!
Λ(((f(t)tq+i)′ + p(f ′(t)tq+i − (tq+i)′f(t)))t1−q),
which yields thatΛ(((f(t)tq+i)′ + p(f ′(t)tq+i − (tq+i)′f(t)))t1−q) = 0 for all i ∈ Z+. Hence, we have
Λ(((f(t)g(t))′+ p(f ′(t)g(t)− g′(t)f(t)))t1−q) = 0 for all g(t) ∈ tqC[t]. Due to Lemma 3.5(b) and (17), we
deduce that L(Λ) is quasifinite. The proof is completed. 
Here there is a problem in nature, is there the other quasifinite irreducible module of B(p, q) except
uniformly bounded or a highest (resp.lowest) weight of module? We will answer it in the next section.
4. The classification of qusifinite module
Motivated by a well-known result of Mathieu’s in [12], it is natural to consider the classification of
quasifinite irreducible B(p, q)-module, we shall prove the main results as follows:
Theorem 4.1. A quasifinite irreducible B(p, q)-module is either a highest/lowest weight module, or a
uniformly bounded module.
Note that B(p, q)0 = Span{L0,i|i ∈ Z, i ≥ 0} ⊕ Cc is an infinite dimensional commutative sub-
algebra of B(p, q) (but not a Cartan subalgebra). Suppose V = ⊕µ∈ZVµ is a quasifinite B(p, q)-
module. Taking µ0 ∈ Z
∗, Then c|Vµ0 (the action of c on Vµ0) and L0,i|Vµ0 , i ∈ Z+ are linear trans-
formations of the finite dimensional subspace Vµ0 . So there exists big enough fixed interer p0 such
thatc|vµ0 , L0,0|vµ0 , · · · , Lo,m−1|Vµ0 are linear dependent for allm ≥ p0. Therefore, for anym ≥ p0, we have
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a0c|Vµ0 + a1L0,0|Vµ0 + · · ·+ am+1L0,m−1|Vµ0 = 0 for some not all zero complex numbers a0, a1, · · · , am−1.
That is, for all v ∈ Vµ0 ,
(a0c|Vµ0 + a1L0,0|Vµ0 + · · ·+ am−1L0,m−1|Vµ0 )v = 0. (21)
Now we define the Lie subalgebra L(p, q, µo) of B(p, q) as follows
L(p, q, µo) =


〈L−µ0,0, L−µ0,1, L−µ0,2, L−µ0+1,0, L0,m−1|m ≥ p0〉, if µ0 ≤ −1,
〈L−µ0,0, L−µ0,1, L−µ0,2, L−µ0−1,0, L0,m−1|m ≥ p0〉, if µ0 ≥ 1,
where the angle bracket 〈, 〉 stands for “the Lie subalgebra generated by”.
Lemma 4.2. For any n ≥ 1, and fixed µ0 ∈ Z
∗, we have
(a) if µ0 ≤ −1, then there exists αn ∈ Z
∗
+ such that Lα,n−1 ∈ L(p, q, µ0) for all α ≥ αn;
(b) if µ0 ≥ 1, then there exists αn ∈ Z
∗
− such that Lα,n−1 ∈ L(p, q, µ0) for all α ≤ αn.
Proof. We only prove part (a) by induction on n (part (b) can be proved similarly). In case n = 1, using
the same way of Lemma 2.1 in [19], we have for any integer α ≥ (1 − µ0)
2, there exists two positive
integer l1, l2 such that
α = l1(1− µ0)− l2µ0, (22)
where l1
.
= α+ (k0 + 1)µ0 ≥ k0(1− µ0) + (k0 + 1)µ0, l2
.
= (k0 + 1)(1− µ0)− α > 0 and k0
.
= [ α1−µ0 ].
Letting z1 = L−µ0+1,0, z2 = L−µ0,0, taking α1 = (1 − µ0)
2, by induction on l1, l2, we get
adl2−1z2 ad
l1
z1
(z2) = q
l1+l2−1
l1∏
i=1
(−(i− 1)µ0 + i− 2)
l2−1∏
j=1
(−(l1 + j − 1)µ0 + l1)Lα,0. (23)
Note that the coefficient of Lα,0 on the right-hand side of (23) is nonzero. Thus Lα,0 ∈ L(p, q, µ0). Now
suppose n = s − 1, there exists an integer αs−1 ∈ Z
∗
+, such that Lα,s−2 ∈ L(p, q, µ0) for all α ≥ αs−1.
Thus, when n = s, letting rα,p,q = α(q+2)+µ0(s+2q−1)−p(s−5). If s = 3, q = −1 then rα,p,q = α−2p,
otherwise, letting rα,p,q = α(q+1)+µ0(s+2q− 1)− p(s− 3). We can always choose big enough α
′
s such
that rα,p,q 6= 0 whenever α ≥ α
′
s. Now take αs = max{αs−1, α
′
s}, then for all α ≥ αs, there exists an
integer αs ∈ Z
∗
+, such that
Lα,s−1 =


Lα,s−1 = −
1
rα,p,q
[Lα+µ0,s−3, L−µ0,2], if s = 3, q = −1,
Lα,s−1 = −
1
rα,p,q
[Lα+µ0,s−2, L−µ0,1], else,
which shows Lα,n−1 ∈ L(p, q, µ0). Part (a) is proved. 
One can prove a lemma in a similar way as in [26, 18, 16] as follows.
Lemma 4.3. Let V = ⊕µ∈ZVµ be a quasifinite irreducible B(p, q)-module.
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(a) if µ0 ≤ −2, and there exists 0 6= v0 ∈ Vµ0 such that B(p, q)[α,+∞)v0 = 0 for some α > 0, then V
has a highest weight vector.
(b) if µ0 ≥ 2, and there exists 0 6= v0 ∈ Vµ0 such that B(p, q)(−∞,α]v0 = 0 for some α < 0, then V
has a lowest weight vector.
The proof of Theorem 4.1:
Proof. Assume that V = ⊕µ∈ZVµ is a quasifinite irreducible B(p, q)-module without highest and lowest
weight vectors. We should prove that
dimVµ ≤


3 dimV0 + dimV1, if µ ≤ −2,
3 dimV0 + dimV−1, if µ ≥ 2.
(24)
For fixed µ0 ≤ −2, we claim that the following linear map is injective:
θµ0 = (L−µ0,0 ⊕ L−µ0,1 ⊕ L−µ0,2 ⊕ L−µ0+1,0)|Vµ0 : Vµ0 → V0 ⊕ V0 ⊕ V0 ⊕ V1.
Otherwise there exists 0 6= v0 ∈ Vµ0 , such that θµ0(v0) = 0, which implies that L−µ0,0, L−µ0,1L−µ0,2, L−µ0+1,0
take v0 to zero. On the other hand, (a0c|Vµ0 + a1L0,0|Vµ0 + · · ·+ am−1L0,m−1|Vµ0 )vµ0 = 0 for m ≥ p0 by
(21). Hence, by definition of L(p, q, µo),
L(p, q, µ0)vµ0 = 0. (25)
Applying Lemma 4.2(a), for any 1 ≤ m ≤ p0, there exists some positive integer αm such that Lα,m−1 ∈
L(p, q, µ0) for α ≥ αm. Denote Γ = max{α1, α2 · · · · · ·αp0−1}. Then Lα,m−1 ∈ L(p, q, µ0) for 1 ≤ m <
p0, α ≥ Γ. Furthermore for m ≥ p0, α ≥ Γ, we have
[Lα,0, L0,m−1] = (−(p+ α)m+ p+ α− qα)Lα,m−1 ∈ L(p, q, µ0). (26)
We claim the coefficient of Lα,m−1 in (26) is nonzero. Otherwise −(p + α)m + p + α − qα = 0, which
review as the polynomial on m and so that p + α = 0, p + α − qα = 0. Taking m = p0 + i in (26), we
have m ≥ p0 by i ∈ Z+. This, yields that Lα,p0+i−1 ∈ L(p, q, µ0). So, pq = 0, which is a contradiction to
p, q ∈ C∗. The claim is proved, and so that Lα,m−1 ∈ L(p, q, µ0) for m ≥ 1, α ≥ Γ, namely,
B(p, q)[Γ,+∞) ⊆ L(p, q, µ0). (27)
Due to (25) and (27), B(p, q)[Γ,+∞) = 0. By Lemma 4.3(a), V has a highest weigh vector, which
contradicts our assumption. Thus the map of θµ0 is injective, which implies dimVµ ≤ 3 dimV0 + dimV1
if µ ≤ −2. Similarly, one can derive dim Vµ ≤ 3 dimV0 + dim V−1 if µ ≥ 2 by Lemmas 4.2(b) and 4.3(b).
Denote N = max{3 dimV0 +dimV1, 3 dimV0 + dimV−1}. Thus dimVµ ≤ N for all µ ∈ Z, namely V is a
uniformly bounded B(p, q)-module. The proof is completed. 
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